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Fried and Sichler [1] have proved that the category of integral domains of 
characteristic zero is strongly binding. They conjectured (oral communication 
by E. Fried) that no “natural” subcategory of this category is binding. The aim 
of this paper is to disprove this conjecture. Namely, we prove the following 
THEOREM. The category of unique factorization domains is binding. 
DEFINITIONS. Let A, B be categories. A functor F: A - B which is one-to- 
one on the class of objects, and on every Mor,(a, a’), is called an embedding. If in 
addition every morphism 6: F(a) +F(a’) of Mar, has the form 6 = F(y) for 
some y: a + a’, then F is a full embedding. A category B is binding if every 
category of universal algebras has a full embedding into B. According to Hedrlin 
and Pultr [2] this is equivalent to the statement that G, , the category of undi- 
rected graphs without loops and isolated points can be fully embedded into B. 
Note that if B is binding then to any given semigroup with unit element S, there 
exists b E Ob B satisfying End b = S. Further let UFD denote the category of 
unique factorization domains of characteristic zero. 
Proof of the Theorem. Let G = (V, , EG) E G, . We define the functor 
H: G, + UFD by 
Clearly H(G) E UFD. For v E R’Ior(G, G,) one can define H(q) in the natural 
way. His clearly an embedding. We are going to prove that His full. 
Each element of H(G) can be uniquely written in the form f/g where 
f E Z[X,: 01 E V,], g is a product of some elements of {x& , X, + 3: 01 E PVC , 
X, + x0 + 1: (01, /3) E &}. f/g is invertible in H(G) if and only if f is also a 
product of such elements multiplied by il. 
For simplicity of notation we use the following conventions. Instead of 
writing J-JaEw (x$% (IV is a subset of V, , k,: cy. E W are natural numbers) we 
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write simplyn xu (or instead of a we use any other lower case letter). Similar 
notations are used for naew (xa + 3)k e and n(a,a)Ew (xa + xa + l)%. Since we 
handle many different products at the same time, we enumerate them (the 
index is written over the product symbol). Hence this number has nothing to 
do with the index set of the product. 
Let u and u + 3 be invertible lements in H(G). We assert that {u, u L 3) = 
xkC% I X, f 3) for some 01 E V, . The assumption yields the following equality 
= * r14 xi r-I5 (Xi + 3) l-I6 (% + xz + 1) 
n’ x, n6 (xf + 3, ng b-g + xh + 1) ’ 
We may assume both sides to be nonconstant and noncancelable. Clearly the 
denominators are equal. 
We shall consider different cases according to which products are void. 
Case 1. The first product is nonvoid. Substituting x, = 0 for one of the 
variables X, , the right-hand side will be formally constant, hence the 4th, 6th, 
7th, 9th, and 8th products are void. The denominators being equal; we infer that 
* fi x, fi (Xb + 3) fi (xc + Xd + 1) + 3 = iq% + 3y. 
But this clearly yields u = xj . 
Case 2. The second product is nonvoid. Substituting xb = -3 as above 
we get u = -(xi + 3). We do the same if the 4th or 5th product is nonvoid. 
Case 3. The first four products are void. Then we have 
f r”I (xc + Xd + 1) + 3 fi xe fi (x, + 3) fr (x, + Xh + 1) 
Since the three terms are relatively prime in pairs, substituting X, = 0 or 
X~ = -3 we get that both the 3rd and 6th products are void, hence the 7th, 
8th, 9th also, which is a contradiction. 
Case 4. The first four, the 7th, and 8th products are void. Now we have 
i fi (xc + Xd + 1) + 3 fi 6% + xh + 1) = lk fi (xk + xZ + 1). 
Considering the constant term we again have a contradiction, proving our 
assertion. 
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Now let x: H(G,) + H(G,) be a homomorphism. The vertices of G, will be 
denoted by xi. Both x(x1) and x(x’) + 3 = x(x1 + 3) are invertible in H(G,), 
hence x(x~‘) = xo2 or X(X=‘) = -xo2 - 3 for a suitable fi E VG, . But x(x:, + 
x& + I) = X(X:,) + x(x:,) + 1 is also invertible in H(G,) if (a1 , ti2) E EGI; this 
is possible only if x(x:,) = xgi for i = 1, 2 for some /$ , p2 E Vc, and (& , 13,) E
EG . Hence x is induced by a graph homomorphism 9): G, --f G, . This proves 
thlt H is full. 
COROLLARY. The category of finite graphs can be fully embedded in the category 
of Noetherian integral domains 
Proof. It is easy to see from the proof in [2] that the category of finite 
graphs can be fully embedded in the category of finite members of G, . But for 
finite G, H(G) is clearly Noetherian. 
The corollary fails for infinite graphs, as shown by the following example, 
essentially due to E. Fried. 
PROPOSITION. Let S, denote the semigroup of all mappings of w = (0, l,...} 
into itself. IfR is an arbitrary ring and End(R) = S, then R is not Noetherian. 
Proof. We define mappings 
f(x) =x+ 1, 
g(x) =x- 1, x > 1, 
= 0, x = 0, 
l(X) = 1, 
O(x) = 0. 
Considering these as endomorphisms of R we have g 0 f = idR hence g is onto. 
But g c 1 = g o 0 while 1 # 0, hence g is not one-to-one. Therefore R has a 
proper homomorphic image isomorphic to itself, hence R is not Noetherian. 
REFERENCES 
1. E. FRIED AND J. SICHLER, Homomorphisms of integral domains of characteristic zero, 
Trans. Amer. Math. Sm. 225 (1977), 163-182. 
2. 2. HEDRLIN AND A. PULTR, On full embeddings of categories of algebras, Illinois J. 
Math. 10 (1966), 392406. 
